• Transient heat flux technique for thermal properties of high conductivity solids.
A detailed derivation of the theoretically expected behaviour has been done, which provides a basis for fitting the measured impulse response. A six term expansion is required for the theoretical model to achieve full convergence. The unit requires a calibration step to measure the convective boundary condition. A signal validity check has been built into the approach through the use of the energy balance which detects any drift due to ambient losses or other factors. Through suitable choice of the mathematical algorithm rapid convergence of the non-linear fitting procedure is achieved. The parameter estimates of the standard test samples are excellent, with average errors of 2.3% for brass and 6.3% for aluminium. The system has several advantages in addition to the short measurement time, including low cost and no guard furnace or insulation requirement for room temperature measurements. The
Introduction
High thermal conductivity materials are used in countless applications from thermal management to energy storage. Accurate knowledge of the thermal transport properties is critical for design activities as well as the rapid development of new materials. Recently novel, highly conductive, graphitic foams have been developed for these applications [1, 2] . These materials have extensive macro and micro porosity and correspondingly low densities (~0.3 g.cm -3 ). The open pore structure makes them ideal for passive heat dissipation applications due to the ease of convective heat transfer. Alternatively these foams may be employed for property enhancement of substances having high energy capacity but low thermal conductivity. Such composites are ideal for thermal energy storage applications.
Many techniques have been developed over the years to measure the thermal properties of different materials, each with its advantages and disadvantages. These may be broadly classified into two main categories: transient and steady state. Due to their short measurement time transient methods such as the line source [3] [4] [5] , hot strip [6] [7] [8] , plane source [9] [10] [11] and laser flash [12, 13] methods have been widely used. A closely related method to the hot-wire and hot-strip techniques is the 3ω method [14] which uses a frequency based analysis to measure thermal conductivity rather than a temporal approach.
However, these methods do suffer from practical issues when measuring the properties of porous solids. This is especially true for composite or multi-layer materials which are more representative of practical arrangements [15] . These may include contact issues, due to the rough surface of porous solids the number of contact points are reduced leading to inaccurate results unless large sample sizes are used.
Sample penetration may also be limited [16, 17] 
Experimental
In essence the sample is sandwiched between two heat flux sensors with a hot source and cold sink above and below respectively. The experimental setup is shown schematically in complete detail, in Figure 2 below. properties for these materials given by the supplier are listed in Table 1 and 2 respectively. 
Theoretical model
The ASTM method E1530 together with the proposed modification are shown in Figure 3 A and B. In addition the simplified system used for modelling is illustrated in 
Where u is an arbitrary field variable, in this case normalized temperature and is the thermal diffusivity. Since heat flow into the cylinder is assumed to be invariant, this reduces to a one dimensional problem for finding where:
In this case the subscript indicates a derivative with respect to that variable. Once the solution for is found, the value of can be determined, as measured by the output flux sensor. The impulse response of the system can be obtained as the time derivative of the unit step response, which is:
With the initial condition, and boundary conditions and , where h and k are the convective heat transfer coefficient and thermal conductivity respectively. As shown in detail in Appendix A, this problem can be solved to find the impulse response of the system as:
and the roots of .
This solution requires the latter expression to be solved to find a specific It can be seen that this form is bounded and quickly approximates as grows. This allows for efficient solution using Ridder's method [21] . For the theoretical investigation the convective heat transfer coefficient is arbitrarily set to (1000 W.m -2 .K -1 ). Since all other variables are known for the brass test material, the 9 theoretically expected impulse responses can be calculated. This is done for a brass rod of length 80 mm in response to a unit impulse of 5 seconds. The result for a ten term (n=10) expansion is plotted in Figure 5 . For a single term the prediction instantly jumps to a high value after which it undergoes exponential decay. As the number of terms is increased the predictions oscillate slightly but rapidly converge to the prediction generated by a large number of terms (n=100). By increasing the number of terms to five the prediction only shows a slight deviation from the large term prediction at around one second after initiation. Thus only six terms are required to achieve full conversion to the high order model. This implies that the model can be solved very rapidly to assess experimental data. Using suitable approximations it is possible to classify the behaviour exhibited by the first (n=1) order prediction. If the first order Taylor approximations are used to represent the trigonometric functions it can easily be shown that equation (4) reduces to:
By noting that for a one dimensional shape the length L is the characteristic length (or the volume to surface area ratio), this expression can be written in the more familiar form:
Where Bi and Fo are the Biot and Fourier numbers respectively and the constant C is determined by the system parameters. Thus the single term expansion of the theoretical model represents the lumped capacitance approximation of the system.
Results and discussion
The first step in the experimental procedure is to determine the convective heat transfer coefficient (h) of the setup, which is equivalent to calibrating the unit. To achieve this, a brass test sample of length 80 mm was tested using the device. Next the model parameters are set to the values for brass and the initial guess for the coefficient is initialised as 1. The final value of h is found by minimising the sum of the squares of the error between the model prediction and the experimentally determined impulse response, as given in Figure 7 . . If the system is operating consistently, this value should not change over subsequent experiments and this is indeed found to be the case. In addition, this value is in line with expectations for a liquid system under forced convection. It also implies that the system is operating as close as can be expected to an isothermal boundary condition without the need for expensive temperature controlled cooling devices. To achieve the fit a suitable algorithm must be chosen. Given the non-linearity of the problem to ensure rapid convergence the L-BFGS method as implemented in Scipy [22, 23] was used. The whole data-processing chain was implemented in Python using the SciPy routines. The residual function was well-behaved once the parameters had been scaled to be of similar magnitude.
To validate the approach the h value is kept constant for all subsequent fits, whilst the length and composition of the metal rod is varied. During these fits the thermal conductivity is varied to achieve the optimal result, the thermal diffusivity is calculated using the known reference values of heat capacity and density for the material. Shown in Figure 8 are the results for brass rods of varying length. Table 3 . Thus parameter estimation is very good and the results demonstrate that the convective boundary condition has remained constant throughout. The time based predictions can also be easily calculated using the expression for the flux (temperature spatial derivative) before the temporal derivative is taken, given in Appendix A.
These predictions are plotted in Figure 9 . For this configuration the Biot number of the system can be calculated as 0.14.
Thus this observation is in accordance with the earlier finding that a single term expansion is equivalent to the lumped capacitance approach as a Biot number of < 0.1 is used as the validity check for applying this approach. Whilst a single term expansion does offer faster convergence of the optimisation step, there is no noticeable difference in the parameter estimation time compared to the six term expansion used as the standard.
The time required for a single experimental measurement is comparatively short.
As can be seen from Figure 9 and 10, less than 20 minutes (1200 s) is required to obtain a good parametric fit through the optimisation. This may be further reduced by optimizing the test input signal, i.e. magnitude and duration. Furthermore, since the input signal is directly measured the system does not require a steady state situation at the start of the measurement. Thus there is zero waiting time once the sample has been loaded into the device and given the setup configuration, no sample preparation is needed. This makes the total time for obtaining a parameter estimate every short.
Conclusions and recommendations
Rapid Thus the approach has been validated and is in agreement with the theoretically expected behaviour. The system has several advantages in addition to the short measurement time, including low cost and a very small temperature excursion experienced by the sample. This means that no guard furnace and minimal insulation is required for room temperature measurements. It may be possible to further reduce the measurement time by changing the input power, the only requirement is maintaining a suitable signal to noise ratio. Future work will focus on determining the optimal excitation signal for rapid and accurate property estimation. In addition the work will be extended to porous solids and composites. For these materials the method is can be used for the measurement of an overall thermal conductivity for the entire composite with any additional modifications.
Appendix A : Theoretical derivation of model
A solution to the general heat equation is sought:
Since heat flow into the cylinder is assumed to be invariant, this reduces to a one dimensional problem for finding where:
In this case the subscript indicates a derivative with respect to that variable. Once the solution for is found, the value of can be determined, as measured by the flux sensor at . In order to obtain the response of the system to an arbitrary incoming flux signal, the impulse response of the system can be convolved with any given input signal [20] . The impulse response can be obtained as the time derivative of the unit step response, which is:
With the initial condition, and boundary conditions and , the final solution may be stated as [24] :
Where is the transient solution and is the steady state solution. Assuming , during the initial phase one has from the first boundary condition and from the second that , thus:
Using this expression the problem may be transformed into a homogenous mixed boundary problem in as follows:
From the initial condition:
From the first boundary condition:
Finally, from the second boundary condition: 
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Next the boundary conditions may be applied to solve for the unknown constants.
From the first boundary condition [ ] , so . Now, from the second boundary condition, ,
Assuming a linear combination of these specific solutions can satisfy the initial condition, the constants A n may then be determined as follows:
Multiplying both sides by cos(λ n .x) and integrating along the length of the rod (0 to L) gives:
The integral on the right vanishes except when , thus one has:
Which evaluates to:
( )
Solving for yields:
But the second boundary condition requires that:
Thus:
In most cases this series was found to converge very rapidly and less than ten terms are required for an error of less than 10 -6 . Combining the solution of with the solution of (equation (5)) gives the final solution of u: ∑
This expression can be differentiated with respect to x, to obtain the expression for the heat flux:
To obtain the impulse response the derivative with respect to time is taken which gives:
To obtain the flux out of the cylinder is simply set to a value of . 
